Abstract. We prove the equidistribution of the Hodge locus for certain non-isotrivial, polarized variations of Hodge structure of weight 2 with h 2,0 = 1 over complex, quasi-projective curves. Given some norm condition, we also give an asymptotic on the growth of the Hodge locus. In particular, this implies the equidistribution of elliptic fibrations in quasi-polarized, non-isotrivial families of K3 surfaces.
Introduction
Let S be a complex, quasi-projective curve and let {V Z , F
• V, Q} be an integral, polarized variation of Hodge structure of weight 2 over S with h 2,0 = 1. We assume that the bilinear form Q is even of signature (2, b). For s ∈ S, let ρ(V Z,s ) be the Picard number of V Z,s , that is, the rank of the group of integral (1, 1)-classes in V Z,s . Let M be the minimum value of the integers ρ(V Z,s ) for s ∈ S. It is a classical result of Green [Voi02, Prop. 17 .20] and Oguiso [Ogu03] that the NoetherLefschetz locus NL(V Z ) = {s ∈ S, ρ(V Z,s ) > M} is a countable dense subset of S, when the variation of Hodge structure is non-trivial. A weaker result obtained in [BKPSB98] assumes the base S to be projective. One might then ask how the set of points where the Picard rank jumps distributes inside S. The goal of this paper is to investigate quantitative statements on the distribution of the Hodge locus.
Say that the polarized variation of Hodge structure {V Z , F
• V, Q} is simple if there is no polarized sub-variation of Hodge structure {V
Z is non-zero and torsion free. In fact, starting from an arbitrary polarized variation of Hodge structure {V Z , F
• V, Q} with h 2,0 = 1, the minimal sub-variation {V ′ Z , F • V ′ , Q} for which V Z /V ′ Z is torsion free is simple. Its orthogonal with respect to Q is also an integral sub-variation of Hodge structure by Deligne and Schmid's semi-simplicity theorem [Del72, Sch73] and which is purely of type (1, 1), thus it is trivial, up to taking a finite étale cover of S.
Say also that {V Z , F • V, Q} is non-trivial if the line bundle F 2 V is not isotrivial. By a result of Griffiths [Gri74,  Chapter II] the first Chern class ω of F 2 V is positive definite, and the integration with respect to ω defines a finite measure µ on S.
If H is a subgroup of V ∨ /V we let H ⊥ be the orthogonal of H in V ∨ /V with respect to ( , ). The main result of this paper is the following theorem. Theorem 1.1. Let {V Z , F
• V, Q} be a non-trivial, polarized, simple variation of Hodge structure over a quasi-projective curve S. Assume that the local system V ∨ Z /V Z is trivial. Let H be a maximal totally isotropic subgroup of V ∨ /V . Let µ be the measure defined by integrating the first Chern class of F 2 V and let γ ∈ H ⊥ ⊂ V ∨ /V . Then (i) The number N(γ, n) of points s ∈ S (counted with multiplicity) for which there exists a (1, 1)-element in V ) . +ǫ ) for every ǫ > 0.
(ii) The set of such points equidistributes in S with respect to µ.
We refer to Example 2.2 for the definition of the factors µ p (γ, n, V ). The product p<∞ µ p (γ, n, V ) is called the singular series. The Hodge locus has a schematic structure (see [Voi02, Chapter 17] ). The multiplicity of a point evoked in Theorem 1.1 is the multiplicity in this schematic sense.
This number can also be seen as the multiplicity of intersection of S with special divisors, the so-called Heegner divisors, in the moduli space of Hodge structure of K3 type over V . This moduli space is in fact a Shimura variety of orthogonal type. As a part of their study of the André-Oort conjecture [Yaf07] , Clozel and Ullmo proved in [CU05] that the Heegner divisors are equidistributed with respect to the measure induced by the Bergman metric ([Hel64, Chap VIII]). It is simply given, up to a an absolute constant, by integrating the top power of the first Chern class of the Hodge bundle. What we prove here is the equidistribution of the intersection of the Heegner divisors with any fixed quasi-projective curve as above with respect to the measure given by integration the first Chern class of the Hodge bundle. Corollary 1.2. Let {V Z , F
• V, Q} be a non-trivial, polarized, simple variation of Hodge structure of weight 2 over a quasi-projective curve S and µ the measure on S defined by integrating the first Chern class of F 2 V. Then the set of points s ∈ S for which there exists a (1, 1)-class in V Z,s of square −n are equidistributed with respect to µ along positive integers n for which the equation Q(x) = −n has a solution x in V .
Indeed, we can always take a finite étale coverS of S for which the pullback of the local system V ∨ Z /V Z is trivial and apply Theorem 1.1 toS which imply the corollary.
In particular, we deduce various equidistribution results for points in some 1-parameter families of complex varieties. Corollary 1.3. Let Λ K 3 be the K3 lattice and P ⊂ Λ K 3 a primitive Lorentzian anisotropic sublattice of rank ρ ≤ 4. Let X π − → S be a non-isotrivial family of K3 surfaces with generic Picard group equal to P over a quasi-projective curve S and let {R 2 π * Z X , F • H, Q} be the induced variation of Hodge structure on S. Let µ be the measure induced by integrating the first Chern class of F 2 H. Fix H ⊂ P ∨ /P a maximal isotropic group and let γ ∈ H ⊥ . (i) The number N(γ, n) of points s ∈ S (counted with multiplicity) for which X s admits a parabolic line bundle of class γ and norm n is empty if n is not represented in γ + P by Q, otherwise it satisfies
as n tends to infinity in Q(γ) + N, and where V = P ⊥ . If S is projective, then the error term is O ǫ (n 2+b 4 +ǫ ) for every ǫ > 0.
(ii) The previous set is equidistributed in S with respect to µ. (iii) If P ∨ /P has no non-trivial isotropic subgroup, then the set of points s ∈ S (counted with multiplicity) for which X s admits an elliptic fibration of norm less than n is equidistributed with respect to µ as n tends to infinity.
In particular, if the Lorentzian sublattice P is generated by a single element of square 2d, the corollary says that the number of elliptic surfaces of norm less than n 2 (or volume less than n) in a generic family of quasi-polarized K3 surfaces "grows like" n 20 . In the case of twistor families of K3 surfaces, an analogous result was shown by Simion Filip in [Fil16] and an improvement of the error term was given by Bergeron and Matheus in [BM17] . The main term there grows also like n
20
, and there Filip works with the full K3 lattice Λ. His method is different from ours, although it was the starting point of this paper. Notice also the analogy between the coefficient of the main term in our case and in Filip's case. Indeed, due to the Siegel mass formula (see [ERS91] ), the product p<∞ µ p (n, γ, P ) can be expressed as a sum of volumes of some homogeneous spaces (compare to Filip's formula 3.1.6 in [Fil16] ).
Another consequence is the following Corollary 1.4. Let P an anisotropic Lorentzian lattice. Let X → S be a non-isotrivial, split P -family of hyperkähler manifolds over a quasi-projective curve S with generic Picard group equal to P and let {R 2 π * Z X , F • H, Q} be the induced variation of Hodge structure over S. Let µ be the measure induced by integrating the first Chern class of F 2 H. Fix H a maximal isotropic subgroup of P ∨ /P . Then for γ ∈ H, the set of points s ∈ S for which X s admits a parabolic line bundle of norm n and class γ becomes equidistributed in S with respect to µ as n → +∞.
There are several arithmetic statements which shed light on the arithmetic analogues of the above results, the curve S being replaced by an open subset of the spectrum of the ring of integers of a number field. A result by Charles [Cha14] shows that the set of primes where the reduction of two elliptic curves defined over a number field are geometrically isogenous is infinite. More recently, Shankar and Tang [ST17] proved by using similar techniques that, given a simple abelian surface defined over a number field and which has real multiplication, there are infinitely many places where its reduction is not absolutely simple.
1.1. Outline of the proof. Let us now sketch the proof of Theorem 1.1. Let D V be the period domain associated to the quadratic lattice (V, Q), namely the complex analytic variety defined by
Let Γ V be the stable orthogonal group of V defined by
where V ∨ := {x ∈ V Q , ∀y ∈ V, (x, y) ∈ Z} denotes as before the dual lattice of V . By Baily and Borel [BB66] , the complex analytic quotient Γ V \D V can be endowed with a natural structure of quasi-projective variety called an orthogonal modular variety. It is the structure that we consider in the whole text. Let L denote the Hodge bundle on Γ V \D V and let ω be its first Chern class. Recall that L is an ample line bundle [BB66] .
For γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n > 0, let Z(γ, −n) denote the associated Heegner divisor in Γ V \D V which parametrizes Hodge structures on V for which there exists a rational Hodge class λ ∈ γ + V with Q(λ) = −n (see Section 2.2.2 for the precise definition). Let {S, V Z , F
• V, Q)} be given as in Theorem 1.1. Since the local system V ∨ Z /V Z is trivial, we have a corresponding holomorphic period map ρ : S → Γ V \D V . This map is in fact algebraic by Borel [Bor72] 1 . The pullback of the Hodge bundle L along ρ is equal to F 2 V. The idea of the proof is to obtain a global estimate of the cardinality (with multiplicity) of the set {s ∈ S, ∃ λ ∈ γ + V Z,s , Q(λ) = −n}. To this end, following ideas of Maulik [Mau14] , we use linear dependence relations between Heegner divisors to get an upper bound. These relations follow from Borcherds' construction in [Bor99] of a modular form on the Picard group of the orthogonal modular variety Γ V \D V . Then we extend those relations to a suitable toroidal compactification of Γ V \D V . It is at this level that we need a restriction on γ being in H ⊥ for a maximal isotropic subgroup H of V ∨ /V , since for arbitrary γ, we don't know how to control the intersection of S with the boundary divisor of the given toroidal compactification.
To obtain a lower bound, we construct a suitable fibration over every small enough simply connected open subset ∆ ⊂ S. Then following ideas of Green (see [Voi02, Chap. 17]), we obtain a map to the homogeneous space A 0 = {x ∈ V R , Q(x) = −1}. This map turns out to be, outside a Lebesgue negligible analytic subset, a local diffeomorphism. We use then a result of equidistribution of integral points on A 0 proven by Eskin-Oh in a more general context in [EO06, Th.1.2]. The proof of the latter relies on results from ergodic theory, namely the ergodicity of unipotent flows, which is also an important ingredient in the proof of the main result of [CU05] .
1.2. Outline of the paper. In section 2 we recall the construction of the Borcherds' modular form and its implications on the linear dependence relations between Heegner divisors following ideas of Maulik in [Mau14] . We then explain how to extend those relations to a suitable toroidal compactification of Γ V \D V as the one considered by Peterson in [Pet15] . In section 3 we explain how equidistribution results of Eskin and Oh [EO06] allow to deduce a lower estimate on the cardinality of Hodge locus. In section 4 we explain how one can reduce to the case where the group V ∨ /V has no non-trivial isotropic subgroup and then prove the result in this case. The end of the section is devoted to prove corollaries 1.3 and 1.4.
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2. The Weil representation and modular forms 2.1. General setting. We recall in this section some results about Weil representations and certain vector-valued modular forms from [Bor98] and [Bor99] and to which we refer for more details.
Let Mp 2 (R) be the metaplectic cover of SL 2 (R): the elements of this group consist of pairs (M, φ), where
and φ is a holomorphic function on the Poincaré upper half-plane
The group structure is defined by
, where M 2 .τ stands for the usual action of SL 2 (R) on H given by fractional linear transformations.
The map Mp 2 (R) → SL 2 (R) given by (M, φ) → M is a double cover of SL 2 (R). Denote by Mp 2 (Z) the inverse image of SL 2 (Z) under this map. It is well known (see [Ser77, P.78] ) that Mp 2 (Z) is generated by the elements:
Let ρ : Mp 2 (Z) → GL(V ) be a finite-dimensional complex representation of Mp 2 (Z) that factors through a finite quotient of Mp 2 (Z) and let k ∈ 1 2 Z. The group Mp 2 (Z) has a right action on the space of functions
Fix an eigenbasis (v γ ) γ∈I of V with respect to the action of T . A holomorphic function f : H → V which is invariant under the action of T has a Fourier expansion
For (γ, n) ∈ I × Q, the coefficient c(γ, n) is non-zero only if n ∈ Z + λ γ , where e 2iπλγ is the eigenvalue of T acting on v γ . The function f is said to be holomorphic at infinity if c(γ, n) = 0 for all n < 0 and γ ∈ I.
Let M k (ρ) denote the C-vector space of modular forms of weight k and type ρ, and let S k (ρ) be the subspace of cusp forms. Both M k (ρ) and S k (ρ) are finite-dimensional vector spaces over C (see [Bor99, Section 2] for the definitions).
Let (V, Q) be an even lattice of signature (b + , b − ) with the underlying non-degenerate symmetric bilinear form denoted by ( , ) and such that Q(.) = (. ,. ) 2
. Let V ∨ be the dual lattice of V . We can associate to the quadratic lattice (V, Q) a representation ρ V of the metaplectic group Mp 2 (Z) whose underlying vector space is C[V ∨ /V ]. For this, it is enough to specify the action of S and T on a basis
where γ ∈ V ∨ /V . We denote by ρ * V the dual representation of ρ V . Remark 2.1. By a result of McGraw [McG03, Prop. 5 .6], the complex vector space M k (ρ * V ) has a rational structure M k (ρ * V ) Q given by modular forms with rational coefficients, and similarly for S k (ρ * V ).
We present a example of a modular form which will be crucial for our later study. 
, τ ∈ H, and the coefficients c(γ, n) are given by:
where the product is ranging over all primes p. The factors µ p (γ, n, V ) are defined as follows. For γ ∈ V ∨ /V , n ∈ −Q(γ) + Z such that n is positive and a a positive integer, let
For a prime p, Siegel proves in [Sie35, Hilfssatz 13] that for s sufficiently large, the value of
The infinite product p µ p (γ, n, V ) converges as long as every factor is different from zero. Since Q is indefinite of rank greater than 5, this is equivalent by Hasse-Minkowski theorem ([Ser77, p.41]) to the equation Q(α) + n = 0 having a solution α in γ + V . In this situation, we say that n satisfy local congruence conditions and by [BD08, Proposition 2] (see also [Iwa97, Section 11.5]), we have
Hence the estimate
2.2. Borcherds' modular form. As before, let (V, Q) be an even quadratic lattice and assume henceforth that it has signature (2, b) with b ≥ 3. Let O(V ) be the orthogonal group of V and Γ V the subgroup of elements acting trivially on V ∨ /V . We refer to [Mau14] and [Huy16, Chapter 6] for more details on this section. There is another realization of D V as a Grassmanian. Let Gr(2, V R ) be the Grassmanian of planes of V R and let Gr + (2, V R ) be the open subset of positive definite planes. We have a natural split covering of degree 2 
Heegner divisors.
In this section, the main result from [Bor99] is used to produce linear dependence relations between certain special divisors that will be defined hereafter.
For any vector v ∈ V R such that Q(v) < 0, let v 
In terms of Hodge structures, Z(γ, n) parametrizes Hodge structures on V for which there exists a rational Hodge class λ in γ + V with Q(λ) = n. 
Here d is the order of V ∨ /V . The following result is due to the work of Borcherds ([Bor99]), combined with the refinement of McGraw (see remark 2.1):
We will follow ideas of Maulik in [Mau14, Section 3] with some changes in order to translate the previous theorem in terms of linear dependence relations between the Heegner divisors. By the previous theorem, Φ V determines a map
is given by a development in Fourier series as in equation (2), then a γ,n (f ) = c(γ, n). Notice that
∨ . The latter space is finite dimensional over Q and is generated by the infinite family (a γ,n ) (γ,n) . Hence we can find a basis (
We can choose (γ 0 , n 0 ) to be equal to (0, 0), since a 0,0 (E V ) = 0, where
is the Eisenstein series from Example 2.2. Notice also that we have necessarily n i = 0 for i > 0.
Let (f i ) 0≤i≤r be the dual basis of (a γ i ,n i ) 0≤i≤r . Then all the f i for i > 0 are cusp forms. We can write f 0 = 1 2
We thus have the decomposition
Notice that all the coefficients in (5) are rational numbers. For a cusp form f , the trivial bounds on the order of growth of its coefficients (see [Sar90, Prop. 1.5.5]) say that
+ǫ , for all ǫ > 0, some constant C ǫ,f > 0, and for all γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n ≥ 0.
Hence, we can find a constant C ǫ > 0 such that for all i ∈ {1, . . . , r}, n and γ as before, we have
+ǫ . Taking into account relation (5) and the expression in Example 2.2, we get: Proposition 2.4. For every ǫ > 0, γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n > 0, the following estimate holds in Pic(
The above proposition is a quantitative version of Lemma 3.7 in [Mau14] .
2.3. Extension to a toroidal compactification. The goal in this section is to extend the estimate in Proposition 2.4 to a well chosen toroidal compactification of Γ V \D V . We first start by recalling the construction of the Baily-Borel compactification of Γ V \D V . For a short summary in the case of orthogonal modular varieties, see [GHS13] which we follow closely, or [BJ06, Part III] for the general case.
2.3.1. Baily-Borel compactification. There is a "minimal" compactification of Γ V \D V constructed by Baily and Borel in [BB66] and which proceeds by adding rational boundary components and then showing that the resulting space is a projective algebraic variety.
The rational boundary components correspond precisely to maximal rational parabolic subgroups of G, which in turn are the stabilizers of totally isotropic subspaces of V Q . Since Q has signature (2, b), such spaces have dimension 1 or 2. Hence, we obtain the following description:
where ℓ and Π run through representatives of the finitely many Γ + Vorbits of isotropic lines and isotropic planes in V Q . Each X Π is a modular curve, and Q ℓ is a point. They are also known as 1-cusps and 0-cusps respectively.
Extension of the relations between Heegner divisors.
There exists a toroidal compactification of Γ V \D V , the one considered in [Pet15, Section 5.2] that we denote by Γ V \D V tor and which has the particularity that above every 1-cusp F there is only one irreducible Cartier boundary divisor ∆ F and there are no other boundary divisors. Also the closure Z(γ, n) of a Heegner divisor Z(γ, n) is Cartier for all γ ∈ V ∨ /V and n ∈ Q(γ) + Z.
Let I be an isotropic primitive plane of V , F the associated 1-cusp. The isomorphism class of the definite lattice I ⊥ /I depends only on the cusp F . We denote it by K F and let Θ F be the associated theta function, i.e the function defined by
where
.1], I is said to be strongly primitive if I # = I. The cardinal N I of the finite group H I = I # /I depends only on F and is called the imprimitivity of F (or I). Let H
and that the cardinality of the latter is equal to
F be the composite of the projection H I → H ⊥ I /H I followed by the isomorphism (i) from the last proposition. By construction, it is a morphism of quadratic finite modules. We have an induced map p * :
Using (ii) from the previous proposition, it is straightforward that p * commutes with the action of the metaplectic group Mp 2 (Z) given by the Weil representation as in Section 2.1 Equation (3). Hence, for any k ∈ 1 2 Z, we have a map
, τ ∈ H, is the weight 2 Eisenstein series. Let
where the coefficients c(γ, n) were defined in 2.2. The following result is an application of Theorem 5.3.3 in [Pet15] to formula (5) Proposition 2.6. Let γ ∈ V ∨ /V , n ∈ −Q(γ) + Z. Then we have the following linear equivalence relations in Pic(
Taking into account the estimates preceding Proposition 2.4, we get Proposition 2.7. For every ǫ > 0, γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n > 0, we have:
2.4. Some consequences. We turn now to the consequences of the previous proposition on the distribution of Hodge loci in 1-dimensional variation of Hodge structure. Let {V Z , F • V, Q} be a simple, non trivial, polarized variation of Hodge structure over a complex quasiprojective curve S such that the local system V ∨ Z /V Z is trivial. Let ρ : S → Γ V \D V be the corresponding period map. Let S be a smooth compactification of S such that the following diagram is commutative
∨ /V and n ∈ −Q(γ) + Z such that n > 0. Since the variation is assumed to be simple, we can express the degree of the divisor ρ * Z(γ, −n) on S as follows:
where ord s (ρ * Z(γ, −n)) is the multiplicity of the intersection of S with Z(γ, −n) at a point s ∈ S.
Notice that deg S (ρ * Z(0, 0)) = −µ(S), where µ is the finite measure on S given by integration of the first Chern class of F 2 V. By Proposition 2.7 we have:
Corollary 2.8. For every ǫ > 0, γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n > 0, we have:
+ǫ ).
Assume now that deg S (ρ * ∆ F ) = 0 if F corresponds to a totally isotropic plane which is not strongly primitive. The following lemma gives a control on the coefficient u(γ, n, F ) when F is associated to a strongly primitive totally isotropic plane.
Lemma 2.9. Let γ ∈ V ∨ /V , I an isotropic, strongly primitive plane of V , F the associated 1-cusp and K F = I ⊥ /I. Then for all ǫ > 0 we have the following estimate:
Proof. Let M . Then we have the following structure theorem
For a proof, we refer to [MR05, Section 17.1] where it is proven for scalar quasi-modular forms, but the reader may notice that the proof generalizes easily to vector-valued quasi-modular forms.
The product E 2 .p
where g is a cusp form of weight 1 +
. By comparing the constant coefficients, we get α 0 = 1 2 and α i = 0 for i = 0, since I is strongly primitive. Hence for γ ∈ V ∨ /V , n ∈ −Q(γ) + Z with n ≥ 0, we have
Sinceg is a modular form of weight
for all ǫ > 0. Also g is a cusp form and by (see [Sar90, Prop. 1.
+ǫ . Combining these estimates we get the desired result.
In view of this lemma, Corollary 2.8 rewrites Corollary 2.10. If S only meets the boundary of Γ V \D V tor in divisors ∆ F corresponding to strongly primitive totally isotropic planes, then for every ǫ > 0 we have
Remark 2.11. In the case where the discriminant of (V, Q) is square free, all the primitive isotropic planes are strongly primitive by Proposition 2.5, so the estimate 2.9 holds for all the coefficients u(γ, n, F ) for γ ∈ V ∨ /V , n ∈ −Q(γ) + V . The condition on the curve S in 2.10 is then automatically satisfied. Notice that here the control on the error term is sharper than the one in Theorem 1.1. This is because we don't know how to bound the intersection of S and Z(γ, −n) at the boundary points.
Equidistribution in orthogonal modular varieties
The goal of this section is to prove Theorem 1.1.
3.1. Construction of a local map. Let U be a connected complex manifold and let {V Z , F
• V, Q} be an integral, polarized variation of Hodge structure of weight 2 over U with h 2,0 = 1. Assume that the fiber of (V Z , Q) at a point u 0 (hence at all points of U) is isomorphic to a quadratic even lattice (V, Q) of signature (2, b) as in Section 2.2 and assume also that the local system V ∨ Z /V Z is trivial. It follows that the monodromy representation factors through Γ V , the stable orthogonal group of (V, Q). Let ρ : U → Γ L \D V be the corresponding period map.
The line bundle F 2 V is simply the pullback of the Hodge bundle L via ρ. Let V R be the real vector bundle whose sheaf of differentiable sections is equal to V Z ⊗ Q C ∞ R , where C ∞ R is the sheaf of C ∞ real-valued functions on U. The fiber at a point u ∈ U of V R is isomorphic to V R . This vector bundle contains a sub-vector bundle that we shall note V 1,1 R and whose sheaf of differentiable sections is
R is the real part of V 1,1 , i.e the fiber at each point u is equal to V 1,1 u ∩ V R . Assume that U is simply connected. Then V R is isomorphic to U ×V R and one has the commutative diagram
Projecting forward to V R , we get the parallel transport map:
The locus where this map is not submersive were studied in [Voi02, 17.3 .4] and goes back to Griffiths and Green. Let us recall the setting and the main result. By Griffiths' transversality, the integrable connection
induces a O U -linear map:
Let u ∈ U, then taking the fibers at u induce a C-linear map
Then we have the following lemma, due to Green (see Lemma 17.21 from [Voi02] ).
is surjective then φ is submersive at (t, λ).
Consider the fibration over U defined by
For every u ∈ U, the restriction of the quadratic form Q to V 1,1 u,R is negative definite, and the fiber S U,u is thus a (b−1)-dimensional sphere. By restriction of Ξ, we get a map:
Proof. Let u and λ be as in the statement. The following diagram is commutative
The rows are exact by construction. By Lemma 3.1, d (x,λ) Ξ is surjective . Hence the map d (x,λ) φ is surjective which proves the lemma.
If ρ(U) is not a point, then for u ∈ U outside the locus where the differential of ρ is identically zero, there exists λ ∈ S U,u which satisfies the condition of 3.2. Hence, the image Im(φ) is open around λ. In particular, the set of points of U for which V Lemma 3.2 shows that on order to study the distribution of the Hodge locus in U, one can first study the distribution of points λ in A 0 for which there exists γ ∈ V ∨ /V and n ∈ −Q(γ) + N such that √ nλ ∈ γ + V , since the locus where φ is not submersive is a proper real analytic subset of S U . Hence it is negligible from a measure-theoretic perspective. This will be explained in the following section.
3.2. Eskin-Oh's equidistribution result. The distribution in A 0 of the set { 1 √ n λ, λ ∈ γ+V, Q(λ) = −n} for γ ∈ V ∨ /V and n ∈ −Q(γ)+V with n > 0 is a well studied problem and can be dealt with using HardyLittlewood's circle method (see [Vau97] ). The results we present here follow [EO06] and [Oh04] to which we refer for more details. Recall that G = O(V R ) + is the connected component of the identity of the real Lie group O(V R ).
Let µ ∞ be the G-invariant measure on A 0 defined in the following way : take W on open subset of V R and let
Here Leb is the Lebesgue measure on V R for which the lattice V is of covolume 1. We can now state the main result of this section which is an application of Theorem 1.2 in [EO06] (see also [Oh04, Section 5]) and the Siegel mass formula [EO06, (1.6)].
Proposition 3.3. Let Ω be a compact subset of A 0 with zero measure boundary, γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n > 0. Then
as n → +∞.
Proof. In order to apply [EO06, Theorem 1.2], we need to check that for each n 0 , there is only finitely many n such that
For a given n, notice that if (7) holds, then Z(γ, −n) = Z(γ, −n 0 ), so by Corollary 2.8 this can be true only for finitely many n.
The G-invariant measure µ ∞ can be recovered as integration of a G-invariant volume form on A 0 . Indeed, the group G acts transitively on A 0 and the choice of an element ξ in A 0 determines a surjective map
Let H be the stabilizer of ξ. The induced map G/H → A 0 is a diffeomorphism giving A 0 the structure of a symmetric space. Let g 0 and h 0 be the Lie algebras of G and H respectively. Then g 0 /h 0 is isomorphic to the tangent space of A 0 at ξ via the differential of π ξ at the identity of G. The space of G-invariant volume forms on A 0 is then identified with
Let (e 1 , e 2 , ξ 1 , . . . , ξ b ) be an orthogonal basis of V R such that for i = 1, 2 and j = 1, . . . , b we have Q(e i ) = −Q(ξ j ) = 1. Let ω A 0 be the unique G-invariant volume form on A 0 such that
Let µ A 0 be the G-invariant measure on A 0 given by integration of ω A 0 . We have then the following proposition: . is a local chart around ξ 1 . Let W be its image. For ǫ > 0, the image of the map
and one can check that
By change of variable, we have
which proves the lemma.
Corollary 3.5. Let Ω be a compact subset of A 0 with zero measure boundary, γ ∈ V ∨ /V and n ∈ −Q(γ) + Z with n > 0. Then
3.3.
Quantitative study of the Hodge locus. Let {V Z , F • V, Q} be a non-trivial, polarized, simple variation of Hodge structure over a complex quasi-projective curve S and let ρ : S → Γ + V \D + V be the associated period map. We study in this section quantitatively the Hodge locus in light of Proposition 3.3 and its Corollary 3.5.
Recall that the Chern class ω of the Hodge bundle where S ∆ is a sphere bundle over ∆ that fits into the following commutative diagram
where m(s, γ, n) = |{λ ∈ S ∆,s , √ nλ ∈ γ + V }|.
Proposition 3.6. Let s ∈ S, γ ∈ V ∨ /V and n ∈ −Q(γ) + Z such that n > 0. Then m(s, γ, n) ≤ ord s (ρ * Z(γ, n)).
Proof. Let γ, n and s as in the statement of the proposition. Assume that {λ ∈ S ∆,s , √ nλ ∈ γ + V } = {λ 1 , . . . , λ k }, where k = m(s, γ, n). There exists a finite index congruence subgroup Γ of Γ + V such that the orbits Γ.λ 1 , . . . , Γ.λ k are pairwise disjoints. In particular, the divisor
has at least k irreducible components. The kernel of the morphism π 1 (S) → Γ V /Γ defines a finite étale cover S ′ ι ′ − → S and we have a commutative diagram
has at least k irreducible components. By commutativity of the diagram above,
Since ι ′ is étale, we have
which yields the desired result.
Remark 3.7. We only have an equality here because the curve S ′ may have intersection multiplicity strictly greater than one with a given irreducible component of the Heegner divisor Z ′ . In fact Theorem 1.1 implies that this does not happen when n is sufficiently large.
where n > 0 ranges over numbers in −Q(γ) + Z represented by −Q in γ + V .
Proof. The map π :
Hence there exists U a simply connected open subset of D + V around P 0 such that the following diagram is commutative:
Assume that ρ(∆) is contained in U. We have a holomorphic map Υ : ∆ → G given by the composition
Hence, we have a local trivialization of the fibration S ∆ given by
is surjective, or equivalently not-identically zero, since T u U is of dimension 1 over C. Let S sing ∆ the locus where φ is not submersive. Then S sing ∆ is a proper real analytic closed subset of S ∆ negligible for the Lebesgue measure. Outside S sing ∆ , φ is submersive and in fact a local diffeomorphism by equality of dimensions.
Let ψ be the composite map such the restriction φ i of φ to W i is a diffeomorphism. By Corollary 3.5, we get
Here we used that
, a result we prove below. Hence we have
By letting ǫ → 0, we get the desired result.
Lemma 3.9. We have:
Proof 
where θ ∈ R, U and V are 1 × b-dimensional real matrices, and N is a b × b-dimensional antisymmetric real matrix. The sub-Lie algebra k 0 of K can be identified with the space of elements in so(2, b) for which U = V = 0 in the description above, and p 0 is identified with the space of matrices of the form :
For i, j = 1, . . . , b + 2, let E i,j be the matrix whose coefficients are zero except the coefficient (i, j) which is equal to 1.
is a basis of p 0 . By [CMSP03, 13.1] (see also [GP02, 5 .3]), the curvature Θ of the Hodge bundle is given by
for X, Y ∈ p and where λ is the linear form on so(2, b) associating to an element M written as in (10) the element iθ ∈ C. Notice that λ is the differential of the generator χ of the group of characters of K whose associated automorphic line bundle is the Hodge bundle (see [Zuc81] ). A computation shows that
Recall that the Killing form B of g 0 is negative definite on the Lie algebra k 0 of K and we have thus an orthogonal decomposition (see [Hel64] ):
⊥ ) is a maximal compact subgroup of H and we have similarly an orthogonal decomposition:
The quotient g 0 /h 0 can then be identified to 
is isometric to a sphere of dimension b−1 and radius 1 with its standard volume form, hence at ξ i . The element dU i ∧dV i ∈ 2 p ∨ 0 defines a G-invariant 2-form on S that we denote by ω i . Let
The pull back of the form ω S b−1 along t i is identified to an element dY
For each i = 1, . . . , r, we have by (9)
and summing over i yields
Notice now that the restrictions to S b−1 of the forms ω (i) are all equal to the form ω S b−1 and that
We have in particular 2π b µ(∆).
Combined with (12), this yields the desired result.
End of the proof and applications
We keep the notations from previous sections, i.e {V Z , F • V, Q} is a simple, non trivial, polarized variation of Hodge structure over a quasi-projective curve S such that the local system V ∨ Z /V Z is trivial and ρ : S → Γ V \D V is the corresponding period map. . Denote by γ its image in
The c ′ (γ, n) are the coefficients of the Eisenstein series E V ′ constructed out of the lattice (V ′ , Q) in a similar fashion to Example 2.2. For t ∈ H, we have by Lemma 3.8
Using Lemma 4.2 below, we have
Combined with 3.8, we get the desired result.
which commutes with the Weil representation on Consider ∆ an open subset in S\∆ 0 which satisfies lemma 3.8. We can find a finite disjoint family of open subsets (∆ i ) i∈I included in S which satisfy lemma 3.8 and such that µ(S) = µ(∆) + µ(∆ 0 ) + i∈I µ(∆ i ). For each i ∈ I, we have:
for γ ∈ V ∨ /V and n ∈ −Q(γ) + Z satisfying local congruence conditions. Also, by lemma 3.6
Hence by Corollary 2.10
.
Since the volume of ∆ 0 can be chosen arbitrarily small, we deduce that
Combined with Lemma 3.8, this yields the desired equidistribution result.
4.3. Elliptic fibrations in families of K3 surfaces. We now derive some equidistribution results in quasi-polarized families of K3 surfaces and hyperkähler manifolds with split quasi-polarization. We begin by some background on K3 surfaces. The main references are [Huy16] and [BHPVdV04] .
Let X be a K3 surface. The second cohomology group with integer coefficients of X endowed with its intersection form (., .) is an even unimodular lattice of signature (3, 19), hence isomorphic abstractly to the K3 lattice
⊕2 , where U is the hyperbolic lattice and E 8 the unique definite positive even unimodular lattice of rank 8, up to isomorphism. Denote by Q = (·,·) 2 the associated quadratic form.
Definition 4.3. An elliptic K3 surface is a projective K3 surface X together with a surjective morphism π : X → P 1 such the generic fiber is a smooth integral curve of genus one.
Recall that there is an elliptic fibration on X if, and only if there exists a parabolic line bundle on X, i.e a non-trivial line bundle L with (L, L) = 0. Indeed, if X admits an elliptic fibration π : X → P 1 , the class of a fiber gives a non-trivial element e ∈ Pic(X) of square 0. Conversely, let L be a non-trivial line bundle with square zero. Either L or L ∨ is effective by Riemann-Roch. Assume L is effective. In [Huy16, 8.2.13], it is shown that up to acting on L by the Weyl group of X, we can assume that L is nef of square zero. Then [2.3.10, loc.cit.] shows that π V :
and induces an elliptic fibration whose fiber class is equal to L.
Let P ⊂ Λ K3 be a primitive Lorentzian anistropic sublattice of rank ρ ≤ 4 and let V = P ⊥ . Then (V, Q) is an even quadratic lattice of signature (2, 20 − ρ) and we have an isomorphism of quadratic finite modules (V ∨ /V, Q) ≃ (P ∨ /P, −Q) (see[Huy16, Prop.14.0.2]). Recall that a P -K3 surface is a K3 surface X with a fixed primitive embedding P → Pic(X) such that the image of P contains a quasi-polarization ℓ.
. Then Q(L P ) > 0, since P is assumed to be anisotropic. Definition 4.4. Let X be a P -K3 surface, γ ∈ P ∨ /P and n ∈ Q(γ) + Z. A parabolic line bundle L on X is said to be of class γ and norm n if L P ∈ γ + P and Q(L P ) = n. An elliptic fibration is said to be of class γ and norm n if a line bundle defining the fibration is so.
We are now in the setting of Section 2.2 and we follow its notations, namely D V is the period domain associated to the lattice (V, Q) and Z(γ, n) is the Heegner divisors associated to γ ∈ V ∨ /V and n ∈ Q(γ)+ Z.
Proposition 4.5. Let X be a P -K3 surface. Then X admits a parabolic line bundle of class γ ∈ P ∨ /P and norm n if and only if the number n is represented by Q in γ + P and the period of X lies on the Heegner divisor Z(γ, −n).
Proof. Let L be a line bundle on X defining an elliptic fibration of norm n and class γ.
Hence, the period of X lies on the Heegner divisor Z(γ, −n). Conversely, if the period of X lies in Z(γ, −n), then there exists λ ∈ H 1,1 (X)∩(γ+V ) such that Q(λ) = −n. By assumption, there exists
is of square zero and non-trivial. Proposition 4.6. Let X be a P -K3 surface. Then X admits an elliptic fibration of norm less than n if and only if the period of X lies on the union of the Heegner divisors Z(γ, −s) for γ ∈ P ∨ /P and s ∈]0, n] represented by Q in γ + P .
Proof. The direct sense is clear. For the converse, we can construct a parabolic line bundle L on X of norm less than n in the same as it was done above. If L is nef, then L defines an elliptic fibration of degree less than n and we are done. Otherwise, there exists a −2-curve C such that (L, C) < 0. Then s C (L) := L + (L, C).C is a parabolic line bundle with positive intersection with C and of norm less than the norm of L. We repeat the process if s C (L) is not nef. After a finite number of actions by the Weil group, we get a nef line bundle.
Proof of corollary 1.3. Let X π − → S be a non-isotrivial family of K3 surfaces with generic Picard group equal to P . The orthogonal to P X in R 2 π * Z X defines a polarized variation of Hodge structure of weight 2 over S with fibers isomorphic to the lattice (V, Q) and to which we can apply Theorem 1.1. Using Proposition 4.5, this proves (i) and (ii). For (iii), let ∆ ⊂ S an open subset and N(n, ∆) the number of s ∈ ∆ (counted with multiplicity) for which X s admits an elliptic fibration of norm less than n. Then by Proposition 4.6 and Theorem 1. 4.4. Hyperkähler manifolds. We discuss here a second application to hyperkähler manifolds, a higher dimensional analogues of K3 surfaces. We refer to [Huy03] for definitions. Let X be a hyperkähler manifold. The intersection form does not provide the second cohomology group H 2 (X, Z) with a lattice structure. However, there is bilinear form (., .), the Beauville-Bogomolov-Fujiki form, defined in [Bea83] which endows H 2 (X, Z) with a structure of a lattice of signature (3, b 2 − 3), which is not, however, necessarily unimodular nor even. Also, there exists a positive rational number c, called the Fujiki invariant, such that for every α ∈ H 2 (X, Z), α 2n = cQ(α) n , where 2n is the complex dimension of X. (i) The lattice of K3
[n]
, the Hilbert scheme of n points on some K3 surface L K3,2n−2 = U ⊕2 ⊕ E 8 (−1) ⊕2 ⊕ < −2(n − 1) > .
It is of discriminant 2(n − 1) and its Fujiki invariant is c = It is of discriminant 3 and its Fujiki invariant is c = 945.
Fix (Λ, Q) an even lattice isomorphic to some lattice in Example 4.7. Unlike the case of K3 surfaces, the length of an element in Λ doesn't determine its O(Λ)-orbit. Indeed, by Eichler's criterion, the orbit of a primitive element x in Λ is determined by its length (x, x) and the class Notice that div(x) divides |Λ ∨ /Λ| for every primitive element x ∈ Λ. In conclusion, we can have many O(Λ)-orbits of primitive elements of a given degree. For example, if Λ is the lattice associated to K3 [n] , the possible type of quasi-polarizations are classified in [GHS10] and those on O'Grady type lattices are classified in [GHS11] .
Let P ⊂ Λ be a primitive Lorentzian anisotropic sublattice and V = P ⊥ . A P -hyperkähler manifold is a hyperkähler manifold X with H 2 (X, Z) ≃ Λ and with a fixed primitive embedding P → Pic(X) such that the image of P contains a quasi-polarization ℓ. We say that X is a split P -hyperkähler manifold if the projection Λ/(P ⊕ V ) → P ∨ /P is bijective. In this situation we have an injection (P ∨ /P, Q) → (V ∨ /V, −Q) of finite quadratic modules. If L ∈ P ic(X), write L = L P + L V where L P ∈ P ∨ and L V ∈ V ∨ . Definition 4.8. Let X be a hyperkähler manifold. A parabolic line bundle of norm n and class γ ∈ P ∨ /P is a line bundle L on X such that Q(L) = 0, L P ∈ γ + P and Q(L P ) = n.
Let D V be the period domain associated to (V, Q), and Z(γ, n) the Heegner divisor associated to γ ∈ V ∨ /V and n ∈ Q(γ) + Z Proposition 4.9. Let X be a P -hyperkähler manifold. Then X admits a parabolic class of norm n and class γ ∈ P ∨ /P if and only if n is represented in γ + P by Q and the period of X lies on the Heegner divisor Z(γ, −n).
The proof is similar to 4.5. Definition 4.10. A quasi-polarized family (f : X → S, L) of hyperkähler manifolds is said of type Λ and split P -type if the fibers of the local system R 2 f * Z X are all isomorphic to the lattice Λ and there exists a primitive embedding P S → R 2 f * Z such that c 1 (L) ∈ P .
Proof of corollary 1.4. Consider X π − → S a non-isotrivial split quasipolarized family of hyperkähler manifolds of type Λ and split P -type over a quasi-projective curve S with generic Picard group equal to P . Let P : S → Γ V \D V be the period map. The points of intersection of S and the Heegner divisor Z(γ, −n) are precisely the points s ∈ S such that the fiber X s admits a parabolic line bundle of degree n and class γ. Here we conclude similarly to the case of K3 surfaces.
